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Chapter 1 
Introduction 



One of the problems that seems to be crucial for the development of the- 
oretical physics is, surely, the one of gravitational collapse. This problem 
has become, during the decades, of central importance not only for the com- 
prehension of high energy astrophysical phenomena, but also as a key point 
for the correct formulation itself of the theory of gravity. The gravitational 
collapse, with the appearence of a singularity, leads to serious problems in 
classical general relativity Jl]. The structure of the resulting singularity con- 
tradicts the axioms of the theory such as the equivalence principle. Thus, the 
proof of the singularity theorems was interpreted by many researchers as the 
unavoidable necessity of a quantum theory of gravity. It is in fact a general 
expectation that a quantum theory of gravity can lead to a singularity-free 
geometry. 

This goal, the Holy Graal of Theoretical Physics, has been pursued during 
the years in at least two ways. On one side, one can try to construct a full 
theory of gravity and then derive from it the correct behaviour of collapsing 
matter (examples of this line of research are the superstring theory or the 
loop quantum gravity). On the other side, one can attemp to build mod- 
els (hopefully, simple models!) which can be exactly quantized and which 
therefore serve as a guide towards the full, unknown, theory. This aspect of 
the situation reminds the first models on atomic structure which led to very 
good predictions and insights without the knowledge of full quantum elec- 
trodynamics. Thus, impatient people try to capture the core of the problem 
by working with semplified models. 

And the simplest models of the collapse are the spherically symmetric thin 
shells coupled to their own gravitational field 0, 0, [|J. The classical 
dynamics of objects with discontinuities in matter density is well understood 
0, 0. Spherically symmetric thin shells are popular models used exten- 
sively in a number of phenomena: classical gravitational collapse J7J, entropy 

2 



of black holes ||, quantum theory of black holes |J, quantum theory of 
gravitational collapse . In the last problem, for example, surprising results 
have been obtained in [TH], [0], 



A generalization of these models, which appears quite natural, is to consider 
thin shells without any symmetry, in particular with no spherical symmetry. 
The paper |13| (in the following, HK paper), whose the present work aims 



to represent a development and (hopefully!) a clarification of some aspects, 
contains a reformulation of the dynamics of gravitation together with ideal 
discontinuos fluid, in hamiltonian form. Precisely, a barotropic ideal fluid 
with 5-function discontinuities (i.e. fluid thin shell) is coupled to Einstein 
gravity in hamiltonian formalism flifl , ]15] , |fL6| . It is shown, in [13|, that 



the constraints and the canonical equations resulting from this hamiltonian 
approach are equivalent to the system of Einstein equations plus dynamical 
equations of ideal fluid, plus Israel equations (in case of thin shells). 
An interesting problem arises in the study of this model: to show that the 



hamiltonian formalism defines a (regular) constrained system [[L7[]. This 
means, in particular, that the hamiltonian and the constraints must be dif- 
ferentiable functions on the phase space so that their Poisson bracket are 
well defined objects. This is a key starting point for the quantization of the 
model. The difficulty pointed out at the end of the HK paper is that some 
constraints at the shell are not differentiable functions on the phase space. 
The best way to takle this problem is (following Teitelboim and Henneaux 
[rgfl ) to solve the singular constraints and to substitute the solution back 
into the action (in our case, back into the hamiltonian [0). So that the 
resulting variational principle leads to equivalent dynamics without singular 
constraints. 

The aims of the present thesis are to eliminate these singular constraints, 
using the reduction procedure suggested by Teitelboim and Henneaux, and 
to show the full differentiability of the reduced system. 
These goals have been fully achieved in the present work. 
The singular constraints 7-C, a-C, A-C have been solved in sequence (see 
the related chapters). At every step there is a progressive reduction of the 
number of variables. After every solution the corresponding new variables, 
new hamiltonian, new phase space, new symplectic form, new equations of 
motion and constraints are clearly stated. It is particularly interesting the 
7-C, which contains a great amount of geometrical information. In the end 
we are left with the equations of motion only (plus canonical volume and 
surface constraints), and the singular constraints 7-C, a-C, A-C have been 
completely eliminated. The equations of motion are equivalent to the starting 
ones, although they are of course expressed in the variables remaining after 
the solution of the singular constraints. Finally, chapter 5 is devoted to show 



3 



the differentiability of the resulting hamiltonian and of the final canonical 
constraints on the reduced phase space. 
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Chapter 2 

The 7 Constraint 



The present section describes the geometrical environment where our consid- 
erations take place and the identification of the singular constraints which 
plague our system. Then, we show how a particular choice of coordinates 
enable us to "eliminate" the gamma-constraint (7-C in the following). 

2.1 Geometrical Environment 

We remind briefly the geometrical set up in which we operate; it is widely 
described in (HK paper). We call £ the timelike surface swept by the 
shell during its motion (dimY, = 3) in the spacetime M (dimM = 4). £ cuts 
M in two volumes, so that M = V~ U V + . A foliation of these volumes is 
introduced via an arbitrary family of spacelike Cauchy surfaces S + , S~ . We 
admit also, in general, that such surfaces can have a cusp at the intersection 
5nS. S n £ is the shell (dimS fl £ = 2). We introduce also some other 
geometrical objects, in order to better characterize our system. Namely, the 
normals: 

is the normal to S in M 
m M is the normal to S H £ in S (m _L n) 
is the normal to S H £ in S 
is the normal to £ in M (m _L n). 

And the angle a such that sinha := — n • m = —g^n^m". 
The indexes take the values: //, v — 0,1,2,3; a, (3 = 0,1,2; k, I = 1,2,3; 
A, B = 1,2. Quantities as the normal n M to S in M, the angle a, etc., 
can have a step discontinuity at S fl £. The surface £ is the world volume 
swept by the fluid shell in the spacetime M. The description of our system, 
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" Gravity © Fluid Shell" , starts from the action written in surface form (see 
formula 94 of HK): 



16nG Jv- 167TG y y + 8ti& 

- JjHVW\n s e s {n s ). (2.1) 

The first two terms on the RHS are the volume part of the gravitational 
action, the third term is the shell part of the gravitational action, and the 
last one is the matter action. The fields in the action S are the gravity field 
g^ix) in V ± (=metric of the spacetime M); the gravity field japiy) m £ 
(=metric on E); the curvature scalar R; L is the second fundamental form 
of E in M, L = 7 a/3 L Q , j a, where L a p = m^e^e^ (square brackets [...] mean 
jump at E); n s is the surface mole density; e(n s ) is the energy per mole. Of 
course n s = n s (z A ), where z A are the matter fields on E. All the integrands 
in this action are smooth functions (not distributions) and S can be used 
with completely general coordinates, namely, arbitary smooth coordinates 
x± within V ± and arbitrary smooth coordinates £ a within E. 

2.2 Continuity Relation 

The metric is required to satisfy the "continuity relation" (called 7-C): 

G?^«)+ = (g, u e^)- = 7q/3 (0 (2.2) 

where = dx^/d^ a and the symbols ± denote here the limits from the 
volumes V ± towards E. The role of the continuity relation (|2.2[ ) is to define 
the configuration space of our system. The relation ( [2.2|) is a constraint 
in the sense that the coordinates x± within V ± and £ a within E can be 
chosen arbitrarily as well as the metric g^x) in V ± and j a p(y) on E, but 
the arbitrariety is not complete, because the relation fl2.2p must hold. This 
means also that the sector (012) x (012) of the metric g^ v must be continuos 
across E. 

2.3 Introduction of Adapted Coordinates 

Following the HK paper we introduce now, in the preceding geometrical 
situation, a system of coordinates x M adapted to the geometry. The Cauchy 
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surfaces St are given by x° = t, and E by x 3 = 0. Besides we put: x k \s t ='■ y k , 
(k = 1,2,3), x a \v =: r, (" = 0,1,2), x A | 5n E =: V A , {A = 1,2). We note 
that this system is " comoving" in the sense that the shell is always described, 
at any time, by the equation x 3 = 0. The coordinates are adapted to the 
geometrical situation, and a cusp is allowed in the Cauchy surfaces at SHE. 
The whole four metric g^ v {x) can also be not continuos across E, in respect 
to the introduced coordinates. That is to say, the relation fl2.2|) requires 
the continuity of a part of the metric g^ u , but not of the whole g^ u . We 
introduce also the standard lapse-shift decomposition. If e = represents 
the "deformation vector", i.e. the vector field tangent to the coordinate line 
x°; efc (k = 1, 2, 3) are the tangent vectors to the lines x 1 , x 2 , x 3 ; (L = 1, 2) 
are the tangent vectors to the lines rj 1 , rf (we are in adapted coordinates, 
therefore we have e k L = |^ = |^ ); then we can write the decompositions: 

e = iVn + N k e k 
e = vh + v L e L . 

Note that if a cusp is present on S at S fl E, then the jumps at S H E are 
[n] ^ 0, [a] 7^ 0, [m] 7^ (while, of course, [n] = [m] =0). This means that, 
in this case the relation e = Nn + N k ek has two different forms in V~ and 
in V + . Namely: 

from the V~ side: e = N~n~ + N k e^ 
from the V + side: e = N + n + + N k e~£ 

We have: n + 7^ n , 7^ , = , = ef. We remind also two 
important relations among the normals and the angle a (see HK paper for a 
proof of such relations): 

m M = n± sinh a± + m± cosh a± 

= rij_ cosh a>± + m± sinh a>± 

We are now able to obtain two important relations among N, N k , u, a. We 
have to distinguish, of course, the version in V~ from that in V + . In order 
to do not make cumbersome the notation, we drop the indexes ± during the 
calculations and we restore them only at the end. From the decompositions 
of e we can write: 

Nn + N k e k = im + u L e L (2.3) 
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Multiplying the last equation first by m and then by n we get: 
Nn ■ m + N k e k • m = i^n ■ m + v l g,l • m 

N x = z/(n • m cosh a + m • m sinh a) = v sinh a (2-4) 



Nn ■ n + N k e k • n = vn ■ n + v e L ■ n 

—N = u(n ■ n cosh a + m • n sinh a) = —v cosh a =>- 
N = ucosha (2.5) 

We have used the properties: 

n • m = ■ n = 

■ m = ■ n = 

N k e k ■ m = N k m k = N 1 - n ■ n = —1 

in ■ m = 1 

Restoring the indexes ±, we can write: 

iV± = z/sinha± 
N± = ^cosha-t 

We note that we have obtained such relations from the pure geometry (the 
choice of adapted coordinates) and not as consequences of the dynamics (so 
far not yet introduced). 



2.4 Introduction of the Hamiltonian TCug 

In this section we give the form of the hamiltonian producing the evolution of 
our system. We mantain the use of the index (118) as in the HK paper. This 
hamiltonian can be derived from the action ( |2.1| ) (see HK paper for explicit 
passages). Using the adapted coordinates before defined, the hamiltonian is 
written as (see HK paper, formula 108) 



U = ^\ d3 V G °o + IT* / d MQo] " / d 2 V T° 



87TCT J s -us+ ° nLr Jsnx JSnT, 



+ ^ [ d'nVWM (2.6) 
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The well known decompositions hold 

G° = ^(NC + N k C k ) 

V 7 



T°o = -^=(vT s ^ + v K T s \) (2.7) 



where 



C = _ ^(3) f ^ = Tf ^ sinh a - Z cosh a , ^ = ^ ^ 



and T s a/3 is the surface stress-energy tensor of the shell. 
Therefore, the hamiltonian becomes 

— — — / d 2 r]\/~X{v[Ti- L1 - sinh a — / cosh a] + v k [kk + 

-/ <? V T° + - i -[ d'rjVWK (2.8) 

The integrals over 5 n E + vanish when E + — > oo and therefore they don't 
give any contribute to the final equations. Hence they will not be re-written 
anymore. We remind the meaning of several symbols: 

N, N k , u, v L are lagrangian multipliers with the known geometrical inter- 
pretations; 

qui is the metric on S ± , projection of g^ u on S; 
Xkl is the metric on S fl E, projection of 7 aj g on S D E; 
/ = \ kl Ikl = ^ KL {^k\r€ k K e r L ) is the second fundamental form of S fl E in S; 
7r ±X = (7r kl m k mi)/^/q; 
= (n kl m k e lK )/y/q. 

Phase space: We now look at the phase space described by the hamiltonian 
7Yii8 • To identify correctly the phase space variables, we have to remind the 
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expression of the hamiltonian 7i as a function of the lagrangian £, in adapted 
coordinates (see HK paper, formula 106): 



16vrG Js 8nG J 5nS 

+ / d 2 np A z A + -L / d^V^d - £ (2.9) 

Here £ is the lagrangian. The integral over S R S + vanishes when S + — > oo, 
therefore is not relevant for the correct identification of the conjugate mo- 
menta. From here is clear that the canonical variables sweeping the phase 
space (and the corresponding conjugate momenta) are, in adapted coordi- 
nates, 



a 



z A < — > pa 



This can be seen also by inspecting the symplectic form 
«/ s 

+ — ^ / \$6[a] - [a]^ ) - / d 2 v (p A 5z A - z A 5 PA ) (2.10) 

16%G J sn x yX X J J sns 

Equations of motion: Following a well know general method (see HK paper 
and Kijowsky paper [|15j), we vary now the hamiltonian Hug in respect to all 
the variables and we compare this variation with the symplectic form 5T-CfQ 7 M : 
we shall obtain, in this way, equations of motion and constraints. As we will 
see, the variation will be done by thinking all the variables as independent 
one from the other. q kh X A b, [ck], N, iV- 1 , u, v K , a, are all thought as recip- 
rocally independent. We will use the hamiltonian Tins, written in adapted 
coordinates, that is with the just introduced variables. But we will not take 
into account, in making the variation, the geometrical relations obtained in 
section |2.3| . The variation of Tins, computed by treating the variables as 
reciprocally independent, compared with the symplectic form STif™ 1 , will 
return to us, in the form of constraints, the relations obtained from the ge- 
ometry in section EO. 



As regard the 7-C, we will see that the adapted coordinates permit to build a 
metric g^ u , all over M, starting from metrics 7 a/ 3 assigned on the x 3 = const. 
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surfaces, in such a way that satifies the constraint equation ( |2.2| ) . 
Now we have a look to the variation 57iu% 



SHns = J d 3 y(C k SN k + C5N + a kl 6q kl + b kl 5<n kl ) 

+ TTT^ / d 2 V [2REST - V\B k m k } 
16ttG J 5ns 

- J- / {Su ([Q^] - 8nGT^) + 5v K ([<&] - 8nGT s \) } 



A { ^T? L 5\ KL 



From the comparison STins — ^mj M we obtain the equations: 



C fc = ( q kl = b kl f [Q^] = SvrGT^ J P A = ^ - ^§g^ 

C = 1 *" = -a« 1 [Qjt) = 8rrGT s \ \ _ £ a = ^ 



here the first two couples of equations are the well known Einstein equa- 
tions in canonical form; the third couple of equations represents the first 
three Israel equations; and the last ones are the dynamical equations for the 
matter composing the shell (see HK paper, and also H]). In particular, from 
the comparison 



/ d 2 r}[2REST - VXB k m k ] - - [ d 2 r[Tf L b\ KL = 

l — [ d 2 r)V\\ KL {-[a)6\ KL + \ KL 6[a\) (2.12) 
kG JsnT: 



16ttG 
1 

16nG 
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which explicitly reads 

/ rf 2 r/[-2v / A^ ±± (^sinha - N ± )m k m l 5q kl - \^{n ±± X KL (usmha - N 1 ) 
Jsns 

+ n KL N ± + l KL N - lX KL ucosha + v M X KL a M - N k m k X KL }5X KL 
+ 2\fX(v cosh a - N)8l - 2VX(vsmh a - N- L )m k rrii5Tc kl 

+ 2v / A(-z/^ ±± cosh a + Iv sinh a + v* K )5a] - / d 2 r](87cGT^ L 5X KL ) = 

JsnT, 

[ d 2 r]VXX KL {-[a]5X KL + X KL 8[a]) (2.13) 
we get the equations (reminding that [A ■ B] — A^[B] + [yl]fi T ) 

v sinh a± — N± = 

v cosh a± — N± = 

We see here that we re-obtain in the form of constraints two equations that 
we obtained in section |2.3| as pure geometric properties of our system. 
Moreover we get the equation 130HK 

- VX[n ±± X KL {usinha- N 1 ) + n KL N ± + l KL N - lX KL vcosha 

+ v M X KL a M ~ N k m k X KL ] - 8irGT s KL = -Vx[a]X KL (2.14) 
We get also a constraint, the so called a-constraint (129HK) 

z/fvr" 1 " 1 " cosh a — I sinh a] = (2-15) 
and an equation of motion for A (131HK) 

A = 2A(-z/7r ±± cosha + /z/sinha + z/||^) ± . (2.16) 
The trace of ( |2.14| ) is an equation of motion for [a] (137HK), 

y/X[a] = 4ttGT kl X kl + ^^/X[fr KL X KL N ± - IN + 2u M a M - 2N k m k ] 

(2.17) 



while the trace-free part of the same ( |2.14| ) is a constraint, the so called 
X-constraint (137. 2HK) 

- VX[N^(n KL - U MN X MN X KL ) + N(l KL - \lX KL )] = 

= 8nG(T KL - l -T MN X MN X KL ) (2.18) 
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We have explicitly reported the calculations of the HK paper about 5Hn8 
and 57iio7, because we will start from here in order to see how they modify 
when the geometrical relations described in Section |2.3| will be taken into 
account. 



We see that the constraints 7-C, a-C, A-C are non differentiable on the phase 
space. In fact, 7-C, a-C, A-C are all calculated and defined on the shell SflE, 
therefore they can be smeared only by functions of two variables. But they 
contain volume quantities (namely q^i, ; n" L± = (n kl mkmi) / \/q, I = q kl m k \ h 
tt kl ), i.e. quantities that are (a priori) defined also outside the shell S PI S. 
Poisson Brackets of these constraints would involve functional derivatives in 
respect to these volume variables. This can generate 3-dimensional Dirac 
5-functions that cannot be re-absorbed via integration, because we can inte- 
grate only on S'flS (that is, only in d 2 rj and not in d 3 y). So, if we want to have 
well defined Poisson Brackets, we need differentiable constraints and hamil- 
tonian: therefore, we have to "eliminate" the singular (non-differentiable) 
constraints. 



2.5 The reduction procedure 



We will see that the 7-C will be solved via a particular coordinate system. 
To eliminate the singular constraints a-C and A-C, we adopt a reduction 
procedure due to Teitelboim and Henneaux. In the following, we rapidly 
sketch the " hamiltonian" version of this procedure. 

If TC = TC(x, y, z) is the hamiltonian of our system and 57i SYM = A5x + B5y 
is the symplectic form, we can get equations of motion and constraints by 
comparing 57i with 57i SYM 



^ on £ m £ on £ 

on = -z—dx + — by + -TT-oz 
ox ay oz 



A5x + B5y + 0-5z = 5H 



SYM 



(2.19) 



( &H 



d £(x,y,z) = A 
B 



k Tfc(x,y,z) = g(x,y,z) = 

The last equation is a constraint. We solve the constraint in respect to the 
variable whose variation generates it. 



g{x,y,z) 







z = z(x,y) s.t. g{x,y, z(x,y)) = 0. (2.20) 
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Then we substitute the solution z(x, y) back into the hamiltonian H = 
TL(x, y, z) and in the symplectic form 5H S¥M = A5x + BSy + • Sz. The 
variations now become 



5H = 




dU dU dz 

dx dz dx 




dU dHdz 
dy dz dy 



5y = A5x + B5y + 0-5z = 5H 



■SYM 



(2.21) 



But 



&H 

dz 



(x,y,z) = g(x,y,z(x,y)) = 0. 



(2.22) 



Therefore the new equations are 



an 

dx 



(x,y,z(x,y)) 



A(x,y,z) 



m 

dy 



(x,y,z(x,y)) 



B(x,y,z) 



and the constraint g = has completely disappeared (i.e. it is identically 
satisfied) . 

2.6 Solution of the 7 Constraint 

We want now to find the variables in which the 7-C is automatically sat- 
isfied, i.e. we are going to build the theoretical set-up which consistently 
implements the 7-C. 

Gaussian Coordinates : Firstly we observe that we can build a set-up in which 
the 7-C is satisfied by construction, if we use gaussian coordinates in M based 
on S. In fact, with coordinates of the kind 



e = x°(y\y 2 ,y 3 ) 

e = x' 



(=geodesic distance normal to S) 



we can write the line element in the following way: 



ds 2 M = ds% + (dx G ) 2 = laP di a d^ + {dx G f 



(2.23) 
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where 7 a| g is a given metric on the x 3 = const, surfaces whose S is an example. 
From here we obtain the form of 



9v» 



(x 3 ) 
Taf3 











1 



This expression of is valid all over M (in fact we could say, in other words, 
that the conditions to be imposed on g^ u to reduce it to that form are 4, and 

(x 3 ) 

therefore no given geometry is a priori fixed). If we assign the metrics 7L3 

on x 3 = const, surfaces and we use gaussian coordinates, the metrics 7^ 
determine g^ v all over M. Besides, by construction, the g^ v obtained in such 
way automatically satisfy the 7-C: 



(9 



9a/3 = 7«/3 
9~ P = 7a(3 



(2.24) 



Indeed, because we are interested only in the form of the metric g^x) when 
x — > E, it is sufficient for our scope, to assign simply the metric 7 a/3 on E. 
The ( |2.23| ) will be then valid only in a neighbourhood of E (not all over M), 
but this is sufficient to affirm the (|2.24|) . So, the use of gaussian coordinates 
permit to us to satisfy the 7-C. However, we will not adopt gaussian coordi- 
nates in the following, because they imply a too much strong reduction, as 
we see from the structure of the g^ u matrix. In other words, there are not 
enough variables to be varied: in particular, some of the lagrangian multi- 
pliers N, N k are arbitrarily set equal to zero and this would prevent us from 
writing the correct 3 + 1 decomposition of the hamiltonian. 



Adapted Coordinates: We now will see how it is possible to determine a 
metric g^ v in M from given metrics j a p on a; 3 = const, surfaces, also if we 
work with the more general frame of adapted coordinates. The obtained g^ 
will automatically satisfy the 7-C. The coordinates are adapted as before, 
i.e. in the usual HK paper sense 



x 



= t on S t 
x 3 = on E 



x h \s t = 
x sns 



,fc. 
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We can allow here a more general situation than the previous one (in gaussian 
coordinates): the metric can also not be continuos across S. At this point, 
fixed a metric 7 Q/ g on the x 3 = const, surfaces, we can write for the line 
element in V 



ds 2 M 



la/3{d£ a + M a dx 3 )(df + M^dx 3 ) + (Mdx 3 ) 2 
From here we deduce that the metric g^ v in V ± is 



(2.25) 



(9, 



fW J 



(M a )± 

(M /3 ) ± (M a M a + M 2 )± 



The indexes ± have been written because the two Cauchy surfaces S where 
the coordinate lines x 3 lie (in V ± ), have different normals: n+ ^ n~. There- 
fore the decomposition has been done with functions M a that take different 
values in V + and V~ . The metric g^ u is, in general, not continuos at S, i.e. 
(fiv) + 7^ (9nv)~ J us t because (M a ) + ^ (M a )~ . In other words we can allow 
jumps in the functions M a and M across E. The metric built in this way 
obeys automatically the 7-C: 



(^e^)+ = ( 9fl J^) + = <?+ = la3 

(9r<<%)- = (g^S^y = g- p = la8 (2.26) 

Note that the continuity of the whole metric g^ is a request stronger than 
the simple 7-C, that demands, on the contrary, only the continuity of a part 
of g^ u . We can project the (|2.2j) on S PI S obtaining so the 2 + 1 version of 
the 7-C. The induced metric on the Cauchy surfaces is := (g^e^e") 1 * 1 ; the 
induced metric on S fl £ from 7 a/ 3 on £ is X A b = ^a8 e A e Bi f° r ^ ne 7 _ C we 
can write: = (^e^e^. Therefore we can deduce from here: 

X A B = Icc^A^R = (^ e a e ^) ±e A4 = (^ e A e fi) ± 

= {9^ k e\te k A e [ B = q%e k A e l B . (2.27) 

The 2+1 version of the 7-C is therefore 

Xab = (q k ie k A e l B f . (2.28) 

We note also here that the 2+1 version does not imply the continuity of 
the 3-metric qu- The 7-C is therefore automatically satisfied in adapted 
coordinates. 
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2.7 Connection between the a Constraint and 
the Dynamics 

Observe that the relation X AB {f) = ( c lki(t)e A e l B ) ± holds for any value of the 
temporal coordinate t. On the other hand, repeating the calculations in 
adapted coordinates already done in section [2.4|, we can obtain, from the 



equation STCns — ^fo7 M > the equation of motion q ki = b k i, true outside E 
at any time. Then, from the two equations 

X AB = (gfc«e^e^) ± 
Qki = hi (2.29) 

we get (the expression for b k i is given in |U 



X AB = {^44^ = {hie^e 1 ^ = {(— (27T fe / - nq kl ) + (N k \ t + ^|fe))4 e s} ± 



= {N(2n AB - ttXab) + (N A \\ B + N BU + 2l AB N ± )} ± (2.30) 

If now we remind that (N A ) + = {N A )~ (because N A = e • e^), we can say 
that 

{ } ± = Xab > [ ] = 



i.e. 



[N{27T AB - TtX AB ) + 2l AB N ] = (2.31) 

and this holds at any time. 
Taking the trace, we get 

= [N(2n AB X AB - nX AB X AB ) + 2l AB X AB N L ] 
= [JV(2(7? - - 2f) + 21N L ] 

= 2[-Nn ±± + N L l] (2.32) 

and this is the a-C. As we see, we have obtained it not from a direct compar- 
ison between the variation of the hamiltonian and the symplectic form, but 
from the equation of motion and from the time derivative of the 2+1 version 
of the 7-C. 

Moreover, if we take the trace of (|2.30| ) we get 



X AB X AB = {N(2n AB X AB - nX AB X AB ) + {N A \\b + N B \\a + 2l AB N ± )X AB } ± 
= 2{-m ±x + (N A X AB ) llB + /iV ± } ± 

= 2{-Ntt ±1 + NH + z/,f B } ± (2.33) 
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(in the last step we have used the fact that Na = va)- The last one is the 
(131HK), an equation of motion for A. Also this equation holds at any time 
in adapted coordinates. But these equations, at this stage, are only equations 
of motion, i.e. they hold along particular curves of the phase space. They are 
not identities on the whole phase space. Therefore they cannot be used to 
reduce the phase space variables and to semplify the successive calculations. 
In other words, the a-C still remains to be solved. 

2.8 Implementing the consequences of adapted 
coordinates 

The choice of adapted coordinates has the following consequences: 
a) 

v sinh et± - = ( v M = e Q • e M = N M 

i/cosha± -N± = \ v = ^/(N^ 2 - (iVf ) 2 
(see section for a pure geometrical derivation). 

b) Validity of the 7-C: (g^e^e^ = g± p = r/ a0 

and of its 2+1 version: (fee^e^)* = gAslsns = A Aj b 
(see section |2.6| for a derivation from geometry). 



In section |2.4|, as in the original HK paper, the calculation were done without 



taking into account all the consequences derived from the choice of adapted 
coordinates. The variations were calculated by thinking all the variables as 
if they were reciprocally independent. Here, on the contrary, we will take 
into account from the beginning the important identities listed before and 
we will use them to redefine the phase space. 



New phase space: The relations listed before imply a redefinition of the vari- 
ables describing the phase space. In particular u, sinh a, cosh a disappear 
and they are substituted by N, iV- 1 . Also the variable Xab disappears as 
independent variable: it coincides with q^i at S. From the identities a) we 

get 

N 1 - 

a± = tanlr 1 -±- (2.34) 

The new phase space is therefore described by the following canonical vari- 
ables 
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Hereafter we will present the new form assumed by the hamiltonian, by 
the symplectic form, by the new equations and constraints. 
The strategy followed in the calculus of these new expressions is as much di- 
rect as possible: we consider the expressions of 7Yn8, <5^ii8> ^^107^ as given 
in HK paper and we transform them by the known substitutions already 
listed. Other substitutions will be presented during the calculations in order 
to eliminate "old" parameters. In the following Aab is simply an abreviation 
for gAslsns- 

New hamiltonian : For the identities previously stated we see that 

-, N 1 - 

[a K \ = (a + - oC), K = [(tanh" 1 — ) >Jf ] (2.35) 

and 

v K = \ KL v L = \ KL N L . (2.36) 

Starting from the expression ( |2.8|) of the old hamiltonian Tins we can write 
the expression for the new hamiltonian 

U™ W = / d 3 y{NC + N k C k } 

lbTrG Js-us+ 

1 C N 1 - 
- Tn / d2 ^(^ ±±N± ~ l*\ + * KL Nl[*k + (tanh" 1 —),*]) 

d 2 rjT° (2.37) 



'5ns 

New symplectic form: Reminding the expression of the "old" symplectic 
form, we can now write 

J S 

+ Ta~n / Av/AA^^-ftanh- 1 — ]S\ KL + A^ftanh" 1 — ]) 
167TG J sns N N 

d 2 rj(p A 5z A - z A 8p A ). (2.38) 



5ns 
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From here we read the new phase space variables that are those showed in 
the last but one paragraph. 

New variation of Tins- To calculate 57i^f w , we should keep in mind the 
"old" variation STins and the validity of the chain-rule for the variational 
calculus. Besides to the usual identities (i.e. Xrl = Qkl\sdi:, v K = X kl Nl, 
ct± = tanh~ 1 (N^/N±)), we need also the expression of v as a function of N±, 
N± (see relations in a)). Therefore the variation 81-L^ W can be written as 

5H™ W = ^ J d 3 y(C k 5N k + C5N + a kl 5q kl + b kl 5n kl ) 

+ / d 2 V [2REST - V\B k m k ] 

107TG J sns 

- 8^G L/ V 7W\ {[[Q±±] " 8nGTs±±) 6 (^ N±)2 " (iV±±)2 ) 



+ ([<&] - 8nGT s \) S(X KL N L )} - J d 2 rj ^T S KL 5\ KL } 

-}™ d "\W-wd%r + ^ 6pA s (2 - 39) 

Important note: We note that the 5 variables v>, u K , a^ 1 do not appear in 
<57i^f w/ : they have been replaced by the 6 variables N±, N±, Aq, N 2 . Be- 
cause of the relation 

(iV+) 2 - {N^) 2 = (AL) 2 - (iVf) 2 (2.40) 

the free variables of the last group are still 5. Moreover here it is understood 
that \ KL = qKL\sr\T, (the 2 + 1 form of the 7-C). We see that the 7-C does 
not produce an effective reduction in the number of free variables entering 
in the new equations, but rather a re-naming of them, and a more correct 
identification of the "true" phase space variables. 
Old and new equations: We compare now 

SH^g w = 5H(™ NEW) (2-41) 

Apart from the "REST" terms, which will be considered in a moment, we 
obtain in the usual way the "new" canonical equations 



C k = f q kl = b kl ( [Q-L-L] = SirGT^ 1 I Pa = ^ - 



A I 



C = I ii kl = -a kl I [Qji] = 8nGTf K | ~a _ &i? 

' dp A 
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which are clearly unchanged in form. The remaining "REST" terms to be 
compared are 

( d 2 r][2REST - VXB k m k ] - [ d 2 ri{8nGT s KL 5X KL } = 
JsnT JsnT 

r ^_ ' j\t± . /vr-L 

/ ^^^(-[tanh" 1 — ]SX KL + A^ftanh" 1 — ]). (2.42) 

In force of the identities a), b), ( ggg) , ( ggg ) and [A ■ B] = A^B] + [A]B*, 
the last equation becomes 

/ (Pr l (-V\[Tt KL N ± + l KL N - l\ KL N + \ MR N R \ KL {t^\i- 1 ^) >M 
- N ik m k X KL ]5X KL + 2VX[-fr ±± N + IN 1 - + (A^A^H^tanlT 1 ) 



n r 

+ 2VA(-tt l - l JV + IN 1 + (X KL N L ) llK ) ± 5[ta,nh- 1 —}) - / d 2 r](87iGT s KL 6X 

f N 1 - N 1 - 

/ ^^^(-[tanh- 1 — ]<5A^ L + A^tanh" 1 — ]) (2.43) 

JsnT n n 

From the comparison we finally obtain the equations: 

1) - The new form of the a-C 

[-tt ±x N + IN 1 -] = (2.44) 

2) - The new form of the equation of motion 131HK 

2VA(-tt ll JV + IN 1 + (X KL N L ) llK f = VXX KL X KL (2.45) 

3) - The new form of the equation 130HK 

N 1 - 

- s/Xft^N 1 - + l KL N - IX KL N + X MR N R X KL {tim\i~ 1 - N, k m k X KL } 

- 8nGT s KL = VXX^i-itanh- 1 S). (2.46) 

The trace of the last equation is the equation of motion for the variable 
[tanh-^iV^/jV)] 

i\j± i 
v^tanlT 1 — ] =4tcGT kl X kl + -^X[n KL X KL N ± - IN 

N 1 - 

+ 2(A MR iV fi )(tanh- 1 — ), M - 2N k m k ] (2.47) 
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while the trace-free part of the same equation is again the "old" A constraint 
- V\[N L (Z KL - h MN X MN X KL ) + N(l KL - hx KL )] = 

= 8nG(T KL - ^T MN X MN X KL ) (2.48) 

which remains therefore unchanged in form, although now, of course, Xkl — 
QKL\Sns- 

We have seen in this way what are the consequences of the choice of adapted 
coordinates: solution of the 7-C, the changes in the symplectic form (phase 
space), the new hamiltonian, the new form of the equations of motion and 
constraints. Two constraints now remain to be solved, namely the a-C and 
the A-C. They will be dealt with in the next chapters. 



2.9 Commutativity of the substitution proce- 
dure 

In this section we explicitly show the commutativity of the substitution pro- 
cedure adopted in the last section. In more mathematical words, we will 
prove the commutativity of the diagram 

rj, Subst . 

n i6 (*) 



eqs. — > eqs.' 

In the last section we have essentially explored the upper-right sides of the 
diagram. We have shown how the new hamiltonian H%g w can be obtained 
from the old one Tins via the substitutions dictated by the geometrical prop- 
erties a), b) (and using also the property v K = X kl Nl derived from the 
geometrical identity v M = N M ). We have described the new phase space 
and the new symplectic form. Then we have varied H^f w and we have 
obtained, besides the usual canonical equations, an equation of motion for 
[tanh~ 1 (A^- L /A r )] and two constraints, one corresponding to the old a-C ( [2.15| ) 



and the other coinciding with the old A-C (|2.18| ), of course via Xab = Qab\t,- 
Now let's explore the left-lower part of the diagram. Consider the old hamil- 



tonian 7ins: with the variation (|2.11|) and the comparison 5Hn8 — 



SYM 
107 



we obtain the canonical equations. We obtain also the equations 

v sinh a± = N± 
v cosh a± = N± 



(1) 
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and these equations are obtained in form of constraints, dictated by the 
hamiltonian, i.e. by the dynamics. On the contrary, we remember, they 
appear in the first approach (upper- left sides of the diagram), as proper- 
ties dictated by the geometry, preceding the dynamics. Besides we get the 
equations 

[jf ~ L_L cosh a — I sinh a] = (at — C) 



2v / A(-z/ff ±± cosha + Zz/sinha + z/|^) ± = y/\X KL X KL (131HK) 

- Vx[n ±± X KL (usmha - N 1 ) + n KL N ± + l KL N - l\ KL v cosh a 

+ u M X KL a M - N k m k X KL ] - 8nGT* L = -V\[a]X KL (130HK) 

From the last equation, the equation of motion 137HK (by trace) and the 
A-C (by trace-free) come out. 

We see at a glance that the substitutions a), b), u K = X KL N L of the last 
section make the preceding equations to coincide with those obtained in the 
last section. Precisely: 

The equations (1) become identities (in force of a)); 



The equation a-C becomes [-tt^N + IN- 1 ] = 0, ( gjgD 



The equation 131HK becomes the "new" 131HK, ( ggg ); 



The equation 130HK becomes the "new" 130HK, 



We see that all these equations coincide with those obtained in the preceding 
section. The commutativity of the diagram is therefore fully proved. 
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Chapter 3 

Explicit solution of the a 
Constraint 

In this chapter we deal with the explicit solution of the a-C, in order to get 
rid of this singular (= non differentiable) constraint. The form of the a-C 
left to us from the calculations of the preceding section is 

[Ntt ±± -IN ± }=0 (3.1) 

We can use also auxiliary variables in the calculations, provided that the 
relations between auxiliary variables and phase space variables be clearly 
stated, and the variational calculus rules followed during the various steps. 
Reminding the last chapter, we can summarize 



AUXILIARY 
VARIABLES 


PHASE SPACE 
VARIABLES 


a + 


Nik 


a_ 




V 


iV+|s, AL| S 




Qab\t, 


v K 


N L k 



(where \ KL = q KL k) and the relations are 

Ni = v sinh a± \ KL = q KL | E 

N± = v cosh a± v K = \ KL N L 
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The variables N±, N± are therefore linked by the relation 

(N + ) 2 - (iV^) 2 = (iV_) 2 - (N^) 2 (3.2) 

Hence the 3 free variables a + , a_, v correspond to the 3 free variables N^, 
iVf, AL. Further, we will see that the solution of the a-C will give us one 
more relation between N±, N±. In order to do some calculations, we use 
now auxilary variables and in the end we shall restaure the real phase space 
variables. We will prove that the a-C can be obtained by varying Tins 
in respect to a — \(®. + + a™). Then, following the Teitelboim-Henneaux 
method, we will solve the a-C explicitly for a and we will insert the solution 
back into the hamiltonian. In this way the a-C will be radically eliminated 
from the equations generated by the final hamiltonian. Moreover, it will 
be showed, in a completely general way, that this modified hamiltonian not 
only does not give rise anymore to the singular a-C, but still it continues to 
produce correctly the other equations of motion and the other constraints. 



3.1 Introduction of a and [a] 

We define two new variables 



!/ + 
a := - a + a 

[a] := a + — a~ (3.3) 

called respectively "mean value" and "jump" of a. Of course also the inverse 
relations hold 

+ x r i 

a = a + -|aj 

a~ = a-i[a] (3.4) 

We note that not only a has a jump at S PI S but also 7c kl , m^, I do have 
jumps there. Substituting a* = a ± |[a] in the a-sector of the hamiltonian 
7^n8 (see relation (|2.8|)), we obtain the hamiltonian as a functional of a, [a] 



H 118 {a, [a]) = -—^ I rf 2 ?7v / A{i/((7f+- L sinh(a + -[a]) 
o 71 "^ Jsns z 



'sns 

Z + cosh(a + -[a])) — (7t_ ± sinh(a — -[a]) — V cosh(a — -[a]))) 

+ v K ((^ + + (a + ha}), K ) - (^- + (a - ~[a]), K ))}. (3.5) 
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We vary now Tins in respect to a, [a], both thought as variables. Then we 
compare STCns with the symplectic form S7ifQ 7 M (only with the a-sector of 
it) in order to obtain equations of motion and constraints. 

SHu8(/Sa,8[a\) — — / d 2 i]V\{u[TT ±± cosha — lsmha}5d 

8n& Jgns 



+ (7r- L - L z/cosho; — Zz/sinho:)<5[a:] + v K (5[a\) : k} (3.6) 
Observe that, because 5 [a] is a scalar, (5[a])^ = (5[a])||^. Therefore 

v K {5[a\), K = v K (5[a]) llK = (v K 5[a}) l{K - v« K 5[a] 

The term (i/ K 5[a])||^- represents a 2-divergence and it is integrated over 
J*sn£ d- 2 7]V\. It therefore disappears from the final equations. Hence we 
consider only — i/^5[a]. Moreover v\ — eo • Ga, therefore (^a) + = {va)~ and 
thus (z^p-) + = {v^ K Y • So, finally the last equation can be written as 

S7iu8 = 77 / d 2 i] VxIuItt 11 - cosh a — I sinh a]5a 



+ (7T- L - L z/coshQ; — Iv sinh a — v^ K )8[ot\} (3.7) 
This must be compared with the relevant terms of the symplectic form 

<(«) = / 5ns d2r]V ~ x (~\ 5[a] - w t) • (3 ' 8) 

As we see, there are no terms in 8a in the symplectic form, and there is 
only one term in 5[a\. And because of the fact that A is defined on SHE and 
therefore doesn't change when £ is crossed, we can write A = A and A = A. 
Hence the equations dictated by 8Hu& = SHf™ are 



[ft cosh a — I sinh a] = 



Tf-L-LJV - - z/,f x = -- - (3.9) 
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The first equation is the a-C; the second is the "mean" of the equation of 
motion (131HK). We have shown in this way that the a-C (129HK) follows 
from the variation of Tins with respect to a. 



3.2 Solution of the a-C in respect to a 

In this section we solve the a-C in respect to a. Reminding that a ± = 
a ± \ [a] , in few passages the a-C can be written as 

„4sinha + £cosha = (3.10) 

where we have defined 

\a\ r „ , [al 



A ■={2n ±± sinh ^ - [I] cosh ^} 

S:={[7f ±± ]cosh^l-2[sinh^l} (3.11) 
The formal solution for a is 

B 

a = -tanh _1 — (3.12) 

(we postpone every discussion on the conditions of existence). We can now 
translate this equation (expressed in auxiliary variables) into a phase space 
variables relation. Because of the structure of A and B (eq. |3.11|) , the relation 
( P-12j ) can be written as 

a + + a_ = f(a + — a_) (3.13) 

and this means 

a+ = F(a_) (3.14) 

where F is an opportune different iable function whose explicit structure is 
not important at the moment. Keeping present the expression ( |2.34j ) for a±, 
we can write 

tanh" 1 -±- = F tanh" 1 — 3.15 
N + \ N_J K ' 



and then 



Ni { , N ± \ f N A 

+ - tanhF tanh" 1 — =: G — ^ ) . (3.16) 



This is the "one more" relation between N±, N±, cited in the introduction of 
this chapter, dictated by the solution of the a-C. We will use these relations 
to write down, in the next section, the hamiltonian Tins as a function of 
phase space variables only. 
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3.3 Substitution of a back into TCng(a, [a]) 

In this section we insert the solution a = a ([a]) back into the hamiltonian 
and we see how the "new" hamiltonian, modified in such way, does no more 
generate the singular constraint a-C. A bit of elaboration permits to write 
the expression (|3.5|) of 7in 8 (a, [a]) as 



7in8 (a, [a]) = — / d 2 7]VX{u(Acosha + Bsinhi 

+ + (« + ~ + (« - TjH ),*))}■ ( 3 - 17 ) 



aj 
1, 



where ^4 and have been defined in the previous section. Reminding that 
the solution of the a-C is tanha = —(B/A) and using a bit of hyperbolic 
trigonometry we can evaluate the first piece of Tins- We find 



A cosh a + B sinh a = VA 2 - B 2 . (3.18) 
And then the a-sector of the "new" hamiltonian is 

H n8 (a, [a]) = - -L / d 2 V V\{WA 2 -B* +v K ([^] + Hk)}. 

(3.19) 

As we see, a has now completely disappeared from this hamiltonian, there- 
fore SHns/Sa = 0. In other words, the "bad", singular constraint a-C is 
automatically satisfied and it does not appear anymore. It has been radi- 
cally eliminated from the final equations. 

Finally, the new hamiltonian Tins (a-sector) can be also written, more prop- 
erly, as a functional of the free phase space variables Aff, N_. We observe 
infact that 

[a] = a + — a_ = F(a_) — a_ = 

= F (tanh- — j - tanh" 1 — =: E ^— j . (3.20) 

Hence 

( N J 

A = A([a]) = A(E 



V: 

AT 



B = B([a]) = B(E[^\). (3.21) 
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Therefore 

H 11S (N±,N_) = - J- / d 2 V V\{J(N_y - (N±)WA 2 - B 2 
SkCc J sns v 

+ A M iV L ([7fi]+S^)^)}. (3.22) 

3.4 A general theorem 

We could now ask ourselves if the substitution in Hus of a — a([a\) preserve 
correctly the other equations of motion and constraints. To this question 
gives an answer the following 

Theorem The substitution back into the hamiltonian of the solution of a 
constraint does not affect the other equations of motion or constraints. In 
other words, we still obtain from the "new" hamiltonian the equations corre- 
sponding to the old ones. 

Proof: We conduct the proof using a notation borrowed from our spe- 
cial case, but the proof itself is completely general. 

a) We start writing down in a compact notation the hamiltonian 7in 8 (o;, [a]), 
the variation of Tins in respect to a and [a], and comparing it with the sym- 
plectic form 5Hio7- 



i mustbe r<1 , 

dTCus{oi, [a J = ——da + rr . o[a\ = oH W 7 
da d[a\ 

= 0-5a + A5[a] (3.23) 

b) The constraint (129HK), a-C, and the equation of motion (131HK) are 
therefore 

^118 n /_ r ix n 

= C 129 {a, [a\) = 



5a 
STCu8 
5[a] 



E 131 (a,[a]) = A (3.24) 



c) Now, solve for a the constraint Cu9- ol = a ([®]) an d substitute the solution 
back into the hamiltonian 

Tins ■= 7ins(«(N), H) 
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d) Calculate from this "new" hamiltonian Tins the "new" equations of mo- 
tion and constraints 



5a 
SHus 
5[a] 

So, the first equation says that the a-C is automatically satisfied (because 
Hns doesn't depend on a). For the second one, observe that now, after the 
substitution, we have 



q mustbe q 



STCll8 $ a _|_ 5Hns mustbe ^ 

5a 5[a] 5[a] 



5H 
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5a 



C 129 (a([a]),N) = 



(3.26) 



where the last equation is an identity because a([a]) is the solution of the 
constraint C129. Besides now 



5H 
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5 [a] 



£131 (<*([<*]), N) 



(3.27) 



Hence the "new" equations (|3.25| ) become 



^ = = 

5a 

6 -^ = E 131 (a([a)),[a))=A (3.28) 
5 [a\ 

e) This means that: 

i) the first equation, the constraint, is automatically satisfied; 

ii) the second equation (eq. 131HK in our particular case) becomes 

E ni (a([a}),[a}) = A (3.29) 

which is the the same equation as in point b), just only with a replaced with 
a([a]). Thus, we conclude that the elimination of the constraint does not 
affect the other equations. 
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3.5 Boundary conditions for lapse N and shift 
N 1 - functions 

The relations N± = v sinh a±, N± = v cosh a± (dictated to us by the choice 
of adapted coordinates) can be interpretated as a sort of boundary conditions 
for N and N x . The fields N(x), A^ ± (x) can fluctuate freely (following their 
equations of motion, of course) when x G S , but they must assume the val- 
ues v cosh a±, z/sinha ± (respectively) when x — > Sn5 ± . These conditions 
at the boundary E are analogous to fall-off conditions at infinity, or control 
conditions. We have seen that their role is to define the configuration space 
of our system just as control modes or fall-off conditions do. 
We have seen that the phase space variables N±, N± are not free, but they 
are linked by the relation 

(iV+) 2 - (A^) 2 = (AL) 2 - (A^) 2 . (3.30) 

From the solution of the a-C we obtained a further relation 

iVi /N ± \ 

G hr ■ (3-31) 



N + \N. , 
Therefore the relevant phase space variables really free are 

iV_, JVf, Ni, N 2 



The new hamiltonian (|3.22| ) has been written as a functional of these free 
phase space variables. 

We note that also and iV + can be written as functions of N_, A^. In 
fact we have 

(iV+) 2 - (A^) 2 = (AL) 2 - (A^) 2 
and from here 

N+= ( (»-) 2 -m 2 Y 2 = . N+(N w x, 

+ ^l-G(ATf/AL)V ■"+'•"- "-> 
Nt = (BfzWT) . a (^) == NHS., tfi) (3.32) 



1 - G(JV± /JV_) 2 J \N_ 
Expressed in these variables, of course the a-C is now an identity 

[A^7f ±1 - IN 1 ] = n^N + (N_, N 1 ) - l+N$(N-, iVf ) - n^N- + LiVf = 0. 

(3.33) 
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Using these variables, the new hamiltonian can be written with an a-sector 
form more agile than in ( [3.22j ). It is 



H™ W(2) = T^I dMNC + N k C k } 
lbTrG Js-us+ 

- ^77 / d 2 r,V\{[n LL N L - IN] 

+ * KL N L (irt} + E (Jpj )} - d 2 V T° (3.34) 



where, of course, now it is understood that N + (N_, N_), N+(N_, iVf) and 
these are the functions given before in ( |3.32| ). 
The phase space is now described by the variables 



16ttG 



1 kl 

Qki < ► tt" 



The new symplectic form is 



z A < — > pa 



s 



+ isc L ^" l <- e (© + ^ SE (£) » 

d 2 r]{p A 5z A - z A 5p A ). (3.35) 



5ns 



From here we read the new phase space variables that are those just showed. 
New variation of Tins'. The calculus of the variation of the last version of 
7Yn8 proceeds by keeping in mind the variation ( |2.39| ) and the usual identities 

\kl = q KL \snz, v K = \ KL N L , [a] = [tw&-\N L /N)\ = E{N±/N-), v = 
((AL) 2 - (N^) 2 ) 1 ' 2 . Note that now N + , N+ have been expressed by AL, JVf. 
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The variation is 

167T6' 
16 



§H NEW(2) = _l_ f d 3 y ( Ck5N k + + a kl 5qu + hiS7r kl^ 

S 

I d 2 7][2REST — \f~XB k m ; . 



l — [ d 2 r][2REST - V\B k 

{{[Q X± ] ~ SttGT^) 5 (y/(N.)* - (N±)^j 



1 f * 

a r] 



5ns v |7 



+ ([gi] - 8nGT s \) 5(X KL N L )} - [ d 2 v {\t? l 8\ kl 



d 2 V 



(dT% d dT°, 



/sns I V 9z A dri M dzfj 
Old and new equations: The comparison between 

,SYM(2) 
'W7(NEW) 



K + ff4 (3 ' 36) 



rnjNEW(2) _ r q ,SYM{2) ,„ q7 N 

orl -118 ~ orl 107(NEW) \O.Oi) 



gives us the standard canonical equations 



9T° _ Q 9T° 



C k = ( q kl = b kl ( [Q^] = SttGT^ Pa = ^~ ^m- z 

C = \n kl = -a kl \ [Qi] = 8ttGT^ k \ -z A = ^ 

V dpA 



still unchanged in form. 

The remaining "REST" terms to be compared are 



d 2 r][2REST - ^XB k m k ] - [ d 2 r]{8nGT s KL 5X KL } = 

J d 2 7]V\X KL (—E (jp) 6X KL + X KL 5E (Jpj ) (3.38) 
which explicitly read (see variation ( 2.43Q ) 

/ d 2 7 1 {-VX([n KL N ± + l KL N - IX KL N - N ik m k X KL ] 

atI atI 
+ X MR N R X KL E(—) tM )5X KL - 2VX[n ±± N - /^(tanlT 1 -± ) 

+ 2VX(-7T ±± N + IN 1 - + (X^N^^Ei—)} - / d 2 v (87rGT s KL 5X KL ) 

= ^ d 2 V VXX KL {-E (ppj 5X KL + X KL 5E (Jpj } (3.39) 
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We are varing 57i^ W ^ 2 \ therefore we are using the variables 

N + = N + (N_, N±), = N^(N_, iVf ), and these variables satisfy, by 

construction, the identity 

[tt ±x N - IN 1 } = 0. (3.40) 

Hence the second line of the last equation semplifies and finally, from the 
comparison, we get the equations: 

1) - The new form of the equation of motion for A (131HK) 

A = 2A(-7? ±± iV + IN 1 + (X^Nl)^)* (3.41) 
where now it is understood that iV + = iV + (iV_, iVf ), N 1 = N^(N_, JVf) 

2) - The new form of the equation 130HK 

- y/\{[n KL N ± + l KL N - l\ KL N - N k m k X KL ] + \ MR N R \ KL E{—) >M ) 

- 8nGT s KL = -V\\ KL E (^\ (3.42) 

also here of course it is understood that N + , are given by ( |3.32|) . 

The trace of the last equation is the equation of motion for the variable 

£(iVi/AL) 

y/XE (Jpj = 4nGT KL X KL + ^VX{[k kl X kl N^ -IN- 2N k m h ] 

N 1 - 

+ 2X MR N R E(—), M ) (3.43) 

while the trace free part of the same equation is the "new" version of the A-C 

- y/\[N ± (* KL - h MN X MN X KL ) + N(l KL - \lX KL )\ = 

= 8tiG(T kl - ^T MN X MN X KL ) (3.44) 

where now it is understood, as usual, that iV+, are given by the equations 
(|3.32| ) and, of course, Xkl = Qkl\h- Note that the A-C is still formally 
unchanged even after the last substitutions. The only constraint that now 
remains to be solved is the A-C: it will be dealt with in the next chapter. 



34 



Chapter 4 

Explicit solution of the A 
Constraint 



In this chapter we will deal with the explicit solution of the A-C. This is in 
fact a singular constraint and in order to get rid of it we will adopt a strategy 
analogous to that adopted for the a-C. First of all, we will show that the 
equation (|3.42| )(i.e. the new form of the equation 130HK) can be obtained 
by varying H^^^ in respect to Xkl (here and after, Xkl = Qkl\t,) and 
comparing this variation with the relevant part of the symplectic form. The 
equation 130HK is important because its tracefree part is the A-C. 
Then, we will propose an opportune splitting in two parts of the variable Xkl, 
in such a way that the variation of W in respect to the second part of 
Xrl give directly the A-C. This procedure is analogous to that used for the 
a-C, when we showed that the a-C can be obtained directly by varying the 
hamiltonian in respect to the variable a. Finally we will solve explicitly the 
A-C in respect to that variable which permits (by variation of Ti.^^^) to 
obtain the A-C itself. Moreover we'll substitute this explicit solution in the 
shell part of W ^ and we'll discuss the boundary conditions for q^s on 
the £ surface. 



4.1 



Variation of 7~^f W ^ 



in respect to A 



KL 



We should remind here the expression (PI of US W{2) and with the help 
of the total variation (eqs. 3-36 , |3.39 ) we can write down the variation of 

containing 



n,NEW(2) 
'H18 



in respect to Xkl- Using only the pieces of dH^^^ 
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SXkl (to choose them, have a look, for example, to Q3.39Q ), we can write 
5HZ W{2 \/^kl) = t^I d 2 V {-^X([n KL N^ + l KL N - l\ KL N 

- N k m k X KL ] + \ KL N M E f^) ) - 8tiGT kl }5\ kl (4.1) 

This must be compared with the relevant part (i.e. in 5\kl) of the symplectic 
form 

Therefore we get the equation 

- v / A( [tt ^iV 1 + /^iV - l\ KL N - N, k m k X KL } + \ KL N M E (^-) ) 

- 8ttGT kl = -VXX KL E (jpj (4.3) 



and this is the new form of equation 130HK already stated in ( |3.42| ) (of course 
here N + , are given by ( |3.32| )). So, we have proved that equation 130HK 

comes from the variation of 7Y^f W ^ in respect to Xrl- The trace-free part 
of 130HK is the so called A-C, while the trace of 130HK is the equation of 
motion 137HK (whose new form is stated in fl3.43|) ). 
If we define 

H KL := - v^tt^A^ + l KL N - l\ KL N - N >k m k X KL ] 
+ x kl x mr NrE (^\ ) _ %7 , Gt kl 

V 1 V _ / » * 



A KL := - V\k KL E (Jpj (4.4) 
the equation (|4.1] )=( [4.2[ ) can be written as 



1 f ^ rn A KL S\ - ^SYM(2) 



(4.5) 
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which means 

d 2 V (H KL - A KL )5\ KL = 0. (4.6) 



5ns 

Because of the arbitrariness of the variations SXkl, the last equation is equiv- 
alent to 

R KL = A KL ^ 

which is the equation (f4.3|). 



4.2 Splitting of X KL 

We propose now a splitting of Xkl in two different parts, in a way such that 
the constraint A-C can be obtained with a variation of 7ii^ W< ^ in respect 
to the second part of Xkl- The splitting proposed is the following 

Xkl = ^X k kl (4.8) 

where A = detA^, and kkl is a 2 x 2 unimodular matrix (i.e. det/c#L = 1). 
Hence we have 

detA^z, = det(vA kkl) = X detre#£ = A. (4.9) 

Moreover Xkl is made of 3 free parameters (it is a symmetric tensor). So 
kkl is a symmetric unimodular matrix with 2 free parameters. 
Because of the splitting we have 

\ < f\ . \KL 1 , KL 

Xkl = V A k kl , X = — = k 

V A 

k = 1 =► k kl Sk kl = 0. (4.10) 



This means 



5X K l = -^-j=Kkl8\ + ^& k kl- (4-11) 



Equation (PPf) becomes 



/ A ( J-(tf* £ - + y/\(H KL - A kl )8k kl \ = 0. (4.12) 

Jsc\T, [2vA J 

Yet, the variables kkl are not independent, because k = 1 (or, in differential 
version, k kl 5kkl = 0). Therefore we cannot infer, at this stage, a finite 
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equation from ( |4.12| ). In order to get this result, let's parametrize kkl- We 
write down a C°° representation of this unimodular matrix, by writing the 
elements of Kkl as functions of two free parameters. The matrix Kkl is 
symmetric and unimodular, — (A12) 2 — 1- 

The form of the last relation suggests to use functions as cosh, sinh. An 
accurate inspection brings us to the C°° representation 



cosh x sinh \ 
sinh x cosh \ 



Of course this representation satisfies automatically the constraint k — 1 and 
its differential version k kl 5kkl = 0. Because kkl = ^kl((P,x) we have 



, 9 kkl r , , 9k kl 

90 9x 



(4.13) 



where <fi and x are now f ree parameters. The equation (|4.12|) becomes 

/ <Pr l {-±=(H KL - A kl )k kl SX + V\(H KL - A KL )^6<f> 
isns 2VA 9(f) 



+ V\(H KL -A KL )^6 X } = 0. 

9x 



(4.14) 



A , , x are now f ree variables, therefore the last equation is equivalent to 
the three finite equations 



1 



(H KL - A kl )k kl = 



KL\ 



2V^ 



K l a kl\ 9k kl _ 

^ H KL_ A KL ) 9^KL =0 

9x 



(4.15) 



We will prove now that the first equation of (|4.15 ) is equivalent to the new 
form of the equation 137HK (eq. |3.43 , equation of motion for E(N^ /N_)), 
while the second and the third equation are equivalent, together, to the A-C. 



As regard the first equation, it is sufficient to observe that 

x "-^H (416) 
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to arrive, with easy calculations, to the equation 



VXE (^pj = AttGT kl X kl + ^V\([ir KL X KL N 1 - -IN- 2N 



+ 2\ MR N R E 



U) 



(4.17) 



which is the new form of the 137HK (eq. |3.43| ). 

• As regard the second and the third equation, observe, first of all, that 



Ok 



KL 



cosh x 
— cosh x 



dn 



KL 



dx 



sinh x cosh x 
cosh x sinh x 



and therefore, 



This means also 



KL 



e ^ cosh x — sinh \ 
— sinh x cosh x 



k kl9kkl = Q 



K KL^KL = Q 



A 



dx 



KL dKKL _ yKL^ K KL 







d(f) dx 
Hence, the second and the third equation of ( f4.15|) become 

lKL dK KL 



A 1 







dx 



(4.18) 



(4.19) 



(4.20) 
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where 

A KL = V\[k KL N 1 - + Nl KL ] + 8rrGT KL (4.21) 
Explicitly, the previous conditions read 

A ll e^ cosh x - A 22 e^ cosh X = 

2„4 12 cosh x + ^ n e^ sinh x + -4 2 V sinh x = (4.22) 
which, in terms of and X give 

^22 \ 1/2 



A 11 
A 12 

tanhx = ; (4.23) 

V-4 n -4 22 

We show now that these two conditions are equivalent to the A-C. In fact, 
note that the A-C 

yfi[N ± (it KL - h AB \ AB \ KL ) + N(l KL - \l\ KL )\ 

+ 8itG(T kl - -T AB X AB X KL ) = (4.24) 
2 

represents two equations (or conditions) (the trace of the LHS expression is 
zero). Moreover, it can be written as 

- \*klk AB )A kl = (4.25) 

where A KL is previously defined. But this means 

2A ab k bc = k kl A kl 5S (4.26) 
which is equivalent to the linear system of equations 

A u k 12 + A 12 k 22 = 

A u k u - A 22 k 22 = 0. (4.27) 
In terms of the free parameters 0, X the equations read 

A 11 sinh x + A 12 e"^ cosh X = 

^ n e*coshx-^ 22 e" coshx = O (4.28) 
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and their solutions in terms of <\> and x are 



A 2 



22 \ 1/2 



A 



11 



A 12 

tanhx = ; (4.29) 

VA U A 22 



Clearly, they coincide with (|4723|) . (QED! 



So, using the splitting Xrl = v^A we have proved that a variation of 
the hamiltonian 7ii-^ W<y2 ^ in respect to A gives the equation of motion for 
E(N^ /N_) (eq. |3.43| i.e. 137HK new form), while a variation of 7ii^ W ^ in 



respect to the free parameters 0, x ( on which kkl depends, kkl = k>kl(4>, x)) 
gives the constraint A-C. 

The next step is to solve the A-C in respect to the variables 0, x (which 
generate it by variation): indeed, this has been just done! 

4.3 Explicit solution of the A-C 

In this section we summarize the solution of the A-C already calculated in 
the previous section. We have seen that the A-C can be expressed as 

(tPi ~ \k K lk ab )A kl = (4.30) 

(where Kkl = K KL ((fi, x)) and the solution in terms of the free parameters <f> 
and x is 



22 \ 1/2 



A*_ 
A l \ 
A 12 

tanhx = ; (4.31) 

VA U A 22 

We can also write down an explicit solution in terms of the matrix elements 
kab- In fact, starting again from ( |4.23| ) and using hyperbolic trigonometry 
we get 

A 12 

sinh x 



A 

cosh X = V ^ (4.32) 
VA 
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where A = detA KL = A 11 A 22 - (A 12 ) 2 . Therefore finally 

A 22 

«22 
«12 



<A 
A 11 



A 

A 12 



A 



(4.33) 



It is easy to see with a direct calculation that this solution satisfies the 
constraint K — 1. 

We can now elaborate a bit the solution ( f4.33|) . We can write 





«12 




_ «21 


^22 _ 





A 22 /VA -A 12 /VA 
-A 21 /VA a u /Va 



aVa 



A 22 /A -A 12 /A 
-A 21 /A A u /A 



A[A 



ABi-1 



.A[.4 



\/A4n VAAu 
VAA21 VAA22 



This means 

K AB = VAAab 
where A = detA AB . Therefore det A ab — 1/A and 



AB 



1 



K 



A 



AB 



In particular we have again 

det kab = det(VAAAB) = A det .4ab = 1 
The expressions for the solutions of the A-C are 

1 



Aab = vA kab = vX4 .4. 



AB 



A 



AB 



'\A 



A 



AB 



(4.34) 



(4.35) 



(4.36) 



(4.37) 
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4.4 Substitution of Xab (solution of the A-C) 
in the shell part of 7i^ W ^ 

In this section we substitute back into the shell part of Tt^ W< ^ 1 the solution 
\ AB = qabIt: of the A-C, constructed in the previous section. The substitu- 
tion has to be done in the shell part only, because Xab is defined only on the 
shell 5nS. 

The shell part of 7i^ W , relevant for the substitution, is 
H^ W{2 \SHELL) = - J- / d 2 rjV\([7T ±x N x - IN] 

+ X kl N l ([^} + e(^-) ))-/ d 2 V T° (4.38) 



Everywhere it is understood that N+, N + are given by ( |3.32 ). Note that 



Xab appears in I = IabX ab , in T s ° (z/, v K , Xkl, z A ,Pa) and in X KL N L . With 
the substitutions 



Xab — vXA Aab 
1 

7 x = X 



X AB = -^A AB (4.39) 



where 

A AB := y/X[7r AB N x + Nl AB ] + 8nGT AB (4.40) 
the shell part of the hamiltonian becomes 

H^ Wi2 \SHELL) =~f AVA([tt^ - Nl AB {^=A AB )] 

+ ^A kl N l ([^) + e(^=-) ))-! An (4.41) 



We remind again here that N+, N + are as in (|3.32|). We see now that 



the variables 0, x have disappeared from this hamiltonian and therefore the 
variation of it in respect to them is equal to zero. So the singular constraint 
A-C is automatically satisfied and it does not appear anymore in the final 
equations. 
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4.5 Boundary conditions for q^B at E 



We have seen that in adapted coordinates the 2 + 1 version of the 7-C holds 

(^44^ = q AB \snJi = ^ab- (4.42) 

The ± signs mean that we are taking the limits of qki^ A e l B from S f± towards 
5 ns. Now the expression of X AB cannot be fixed arbitrarily "by hand" as 
before, but it is given as the solution of the A-C. Therefore the 7-C can now 
be interpreted as a boundary condition for q AB at E. Precisely 

(qkie k A e l B ) X AB = V\AA AB . (4.43) 

In other words, the metric qui has to satisfy this condition at the boundary 
5 ns, namely 

(^44?^ = q AB | s = \ab = ^f\A A AB . (4.44) 

where 

A AB := v / A[7f AB A^ ± + Nl AB \ + 8ti GT AB . (4.45) 

and of course iV^ = iV+ (AL, iVf ), iV + = iV+(iV_, JVf ). These conditions are 
analogous to fall-off conditions at infinity. They define the phase space of 
our system, in the same way as fall-off conditions do. 

After the solution of the A-C, it is clear that the S H E-variables now inde- 
pendent are N_, N^, N 1: N 2) A. The variables ot±, [a], v, v K , \ KL , (J^lIe, 
N 1 :, N + can be thought as auxiliary variables, and they can be expressed as 
functions of the former. We have already seen these relations in the previous 
sections; the last one here obtained is 

\ab = <?ab|e = V\AA AB . (4.46) 
The new hamiltonian , after the solution of the A-C, is 

wSr (s) = ^ / <Py{NC + N*C k } 

167TG Js-us+ 

-JTrf AVAdTf^ - Nl AB {^=A AB )\ 

+ -±=A KL N L ([*ji] + E (^pi )}- [ d^T% (4.47) 
V XA \ N -J,k Jsm 

The final phase space is described by the canonical variables 
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The final symplectic form can be written as 



X kl SXkl + '4$E 



A ViV_ 

d 2 r](p A 5z A - z A 5p A ). (4.48) 

'5ns 

Also from here we can read the phase space variables. 

The final variation of 7Y^f W ^ can be calculated in the usual way, using the 
auxiliary variables when opportune, and the rules of variational calculus. 
Reminding that now iV + , iV+ are expressed by AL , Aff , we get an expression 
formally identical to ( |3.36|) 

6H NEW(3) = 1 I d 3 y ( Ck6N k + + a kl 6qH + 

lb7rG Js 

+ 7cT~r< f d 2 V [2REST - V\B k m k ] - [ d 2 V { \t* H\ kl \ 
167TG J 5ns J sns L 2 J 

87rtj Jsnz VlTl V v 



+ {[Qi] - SnGT^) 5(N K )} 



+ rim 



5ns 



\ dz A di] M dz^j J dpA 



but where X KL = vX4 Akl- 

Final equations and constraints: The comparison 

sn 118 " = on 107{N E Wy (4.50) 

gives the standard canonical equations already stated after eq. (|3.37|) , again 
unchanged in form 

C k = ( q kl = b kl ( [Q^] = SnGT^ { Pa = - ^f|f 



A/ 



C = { n kl = -a kl I = SttGT^ £ a _ ot?q 
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The remaining "REST" terms, using the variation ( p. 39 ), give 



/ d 2 T 1 {-V\{[^ KL N 1 - + l KL N - l\ KL N - N tk m k \ KL ] 
JsnT, 

AT-L AT A 

+ X MR N R X KL E(j^) jM )6X KL + 2V\(-7t x± N + IN 1 - + (X^N^^SE^ 
- [ d 2 ri(87cGT s KL 5X KL ) 

where the variables N + , N+, N_, N~\; satisfy by construction the a-C and 
\kl — VXA Akl is now the solution of the A-C. From the comparison we 
get the equations: 



1)- The final form of the equation of motion for A, (eq.l31HK or eq. ( |2. 16 ) ) 
A = 2X{-tt ±x N + l AB X AB N x + (A^ L iV i )|| K ) ± (4.52) 



where of course N+, are given by ( pT32|) and X KL = {XA)~ 1/2 A KL . 



2)- The final form of the equation 130HK (eq. |3.42j ) 

AT-L 

- VX^N 1 + l KL N - IX KL N - N k m k X KL ] + X MR N R X KL E(j^-) >M ) 

- 8nGT s KL = -\fXX KL E (^) (4.53) 



where now X KL is an abreviation for (XA)~ 1 ^ 2 A KL and N + , Af+ are as before. 

The trace of ( |4.53| ) is the final form of the equation of motion 137HK, i.e. an 
equation of motion for the variable E(N^ /AL) 

VXE (^pj = 4ttGT kl X kl + ^VX([k kl X kl N^ -IN- 2N k m k ] 

N 1 

+ 2X MR N R E( W ) M ) (4.54) 
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where the A's are given by eqs. fl4.37] ) and N + , before in (|Q2| ). 



The trace-free part of ( |4.53| ) is the A-C: but now, in the new variables, it 
is (by construction) identically satisfied and equal to zero. 

We see that the singular constraints a-C and A-C have been eliminated from 
the final equations. In the end we have been left only with the equations of 
motion for the variables A and E(N^ /N_), plus, of course, canonical con- 
straints. It is important to note that these conclusions are in full agreement 
with the general scheme of the theorem stated in § |374. 
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Chapter 5 
Differentiability 



5.1 Definition of differentiability (in our con- 
text) 

In this section we define what we mean for differentiability of a functional in 
the context of our work. We do not adopt the very general definition com- 
ing from the manuals of Functional Analysis, because such definition would 
require the introduction of a norm and a topology in our phase space, and 
this procedure is too long and complicated for our scopes. 
Indeed we adopt a very simple operative definition of differentiability, adapted 
to our geometrical context: 

Definition A given functional 7i(q (y), u(rj) ), defined on our geometrical 
environment S, SnU, is said to be " differentiable" if its total variation can 
be written as 

6H= f d 3 yF(q(y))5q(y) + / d^G^^Su^) (5.1) 
Js Jsns 

where 5q(y) must be a function of 3 variables y 1 , y 2 , defined on S, and 
8u{rj) must be a function of 2 variables rj 1 , rf defined on S HE. 

This definition is useful for our scope: if we want to calculate, for exam- 
ple, a Poisson bracket, we have to consider terms as 

5H 5H 



8q(y'Y 5u(r}') 
Such terms produce Dirac 5 functions 



(5.2) 



Sq(y')~ {y,yh 5u( v ')~ d (r ^ j - {b - 6) 
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And these <5's must be of the correct dimension in order to generate numbers 
after the integration. For example, we have 



Sq(y') Js Sq(y') 

= [ d 3 yF(q(y))6 3 (y,y') = F(q(y')) = NUMBER (5.4) 
Js 

and the analog for 77. It is clear that an object like 

d 2 yF(q(y))5q(y) (5.5) 



'5ns 

is not admitted, because it would generate a not-absorbable Dirac 5: 

d 2 yF(q(y))Trl = I d 2 yF(q(y))5 3 (y, y>) 
5ns mV) </5ns 

= F(q(y[, y' 2 ))5(y 3 , y' 3 ) = NOT A NUMBER ! (5.6) 

Therefore the differentiability of a functional T means that bT /8q is a num- 
ber and not a 5-function. 



5.2 Differentiability of the initial hamiltonian 

We will see in this section as the initial hamiltonian Tins of our system is a 
different iable functional in adapted coordinates. In fact, if we describe our 
system using adapted coordinates, we know that the following equations hold 

[N 1 - - v sinh a] = 

[N- z/ cosh a] = 0. (5.7) 

These two relations (continuity relations), between surface and volume smear- 
ing functions, guarantee an effective differentiability of the whole hamiltonian 
Tins- To see this, it is sufficient to write down the total variation of Tins- 
Reminding (|2.8| ) and ( |2.13| ), we can write 



8H 11B = — ^ / d 3 y(C k 6N k + C6N + a kl 6q kl + b kl SiT kl " 
lo7rG 



'5 

+ 77T~n I d 2 V [2REST - V\B k m k ] - [ d 2 V \\t? l 5\ kl 

167tG y 5ns j snTi [ 2 

1 / d 2 V ^= { ([Q^] - SvrGT^) Sv + ([<&] - 8nGT s \) 6u K } 
J5ns V7 



87TG 



( 



ar» a ar„°„\ . . . ar? 
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and 



/ d 2 r][2REST - V\B k m k ] = 
JsnT, 

= [ d 2 r7[-2v / A^ ±± (z/sinha - N ± )m k m l 5q kl - \f\{jr L± \ KL {v sinh a - N 1 ) 
JsnT, 

+ Tt KL N ± + l KL N - l\ KL v cosha + v M \ KL ot, M ~ N )k m k \ KL }5\ KL 
+ 2y/\(ucx)sha- N)5l - 2VA(z/sinha - N x )m k m l S7t kl ] 
+ 2v^A[— h'7T ±± cosh a + Iv sinh a + i'^ K \5a ± 

+ 2\ r \(-VTT ±± cosh a + Zz/sinha + z/^) ± 5[a]. (5.9) 

Inspecting the numerous terms, we see that in (|5.8p there is always the correct 
agreement between the dimension of the measure and the dimension of the 
variation. In particular 5N k , 5N, 8q k i, 5ir kl depend on 3 variables y 1 , y 2 , y 3 , 
while SXkl, 5v, 5v k , 6z a , 5pa depend on 2 variables rj 1 , rj 1 . 
Yet, there are still problems with the following terms contained in "REST" 

&■ 

- 2VX7r ±x (usinha - N x )m k m l 8q kl 
+ 2y/\(u cosh a - N)8l 

- 2\f\(v sinh a - N ± )m k miSTT kl . 

In fact, 5q k i, 5n kl , 51 = 5{q kl m k \i) depend on 3 variables but they are inte- 
grated only over f SnTi d 2 r]. Therefore they could generate 5's. But, luckly 
enough, we are in adapted coordinates, and therefore all those "bad" terms 
cancel out. In other words, we see here how the role of the "continuity 
constraint", i.e. the 7-C, (which requires the introduction of adapted co- 
ordinates) is fundamental in order to guarantee the differentiability of the 
hamiltonian. 
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5.3 Differentiability of the final hamiltonian 



After the solution of the 7-C, a-C, A-C and the complete reduction of the 
system, the final hamiltonian reads 

WST (S) = ^77 / <?y{NC + N*C k } 
1o7tG J s -us+ 

-■Tnf d 2 V V\{[^N^-Nl] 

+ N K {[^\ + E (Jpj )} - frfl* (5.10) 

where in particular \ KL = \f\A Akl, I = (\A)^ 1 ^ 2 IabA ab , 

= (\A)~ 1/2 A KL N L . To check its differentiability, let's write down its 
total variation 

6H NEW(3) = _l_ J d 3 y{Ck6N k + + + 

+ TTTT^ / d 2 ri[2REST - V\B k m k ] - [ d 2 V [ l -T« L 8\ KL \ 
167TG ,/ 5nS J SnE [ 2 J 

- *b L/"w\ m ^ ] ~ 8wGTn 5 (>- )2 - (Ar - )2 ) 

+ ([<&] -&*GT^)S(N K )} 
Now, inspect accurately this variation. 

The first line does not create problems because 5N k , SN : Squ, 5ir kl are func- 
tions of 3 variables (y 1 , y 2 , y 3 ) integrated over J s d 3 y. 
The second line will be examinated after. 

The third and fourth line contain N_, N^, N K . It is clear from preceding 
considerations (see beginning of chapter 3) that all these variables are ex- 
plicitly defined only on the shell S D E. They depend only on 77 1 , rf. Hence 
we have functions of two variables integrated over d 2 rj, so all the <5's can be 
re-absorbed and there are no problems. 

The same can be said about the last line. The variables z A , pa are defined on 
SflS and they depend only on rf, rf (apart from t, which is a parameter). 
So also here the <5's can be re-absorbed by the integral in d 2 r\. 
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Let's now examine the second line. Explicitly, it reads 
/ d 2 r ] {-y/\{{n KL N ± + l KL N - l\ KL N - N k m k X KL ] 

+ N M X KL E(^-) ;M )SX KL + 2VX(-W ±± N + IN X + (A^ i iV L )|^) ± ^(— )} 

d 2 r]{87cGT s KL )5X KL . (5.12) 



We remind now that 



E[ — )=[a]. (5.13) 



The variables [a], a (as well as N_, N_) are defined only on the shell 5nE. 
This comes directly from the definition of A^, N_, a . Therefore E(N^ /N_) 
depends only on rj 1 , rf. So we have a function of 2 variables integrated over 
d 2 rj and therefore all possible 5's can be re-absorbed by the integral. 
We also remind that X KL = \J \A Akl with 

A KL := Vx^N 1 + Nl KL \ + 8nGT KL . (5.14) 

The variable Xkl is explicitly defined only on S fl S. In particular, from the 
7-C we have 

Xkl = qKL\sr\Y,- (5.15) 

Moreover in the definition of A KL appears a jump [...] which forces the vari- 
ables N^, N_ to be calculated at SflE. And the same can be said about 
the variables tt , l KL , which are volume quantities, but explicitly projected 
and calculated on S fl E. Also Tf L is the energy-momentum tensor of the 
shell calculated at S fl E. In other words, the field Xkl, which is the metric 
on the shell S fl E, cannot be thought depending on variables other than rj 1 , 
T] 2 . Therefore also here the <5's can be re-absorbed by the integral J SnTi d 2 r]. 

So, we conclude that the final hamiltonian 7i^ W<y ^ is a differentiable func- 
tional. The role of the 7-C and the adapted coordinates in guaranteeing the 
differentiabilty is here clearly evident. 

5.4 Differentiability of the final constraints 

We note that the initial hamiltonian can be written as sum of canonical 



volume and surface constraints. In fact, reminding (|2.6| ), we can write 



« = iTr / d 3 yG° + -±-f d 2 V [Q°] - f d 2 V T° . (5.16) 

87TGr Js-uS+ S7TCx J SnE 7 5ns 
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Using now the well known decompositions (see HK paper formulae 112.4, 
112.7, 112.8) 



Gl= l -{NC + N k C k ) 

m = -^HQ ±± ]+^ K [Qk]) 



T! = -^=(vT s ^ + v K T s \) (5.17) 



we can write 



8ttG 



(5.18) 



We have shown that Tins is a differentiable functional on the phase space. 
Bacause of the arbitrariness of the lagrangian multipliers, the differentiability 
of 7in8 implies directly the differentiability of the constraints (in fact, we can 
set alternatively the multipliers equal to zero, or to fixed values). Therefore 
we can say that the canonical initial constraints are differentiable functionals. 



The same argument can be used with the final canonical constraints. In 
fact, the final hamiltonian can be written as the sum of the canonical (vol- 
ume and surface) constraints 

WST (S) = ^ jfy{N k C k + NC) 
^ nLr JsnT, VN 

+ N K {[(&}- 8nGT s \)}. (5.19) 

So, because the final hamiltonian is differentiable and it is a linear combi- 
nation of the canonical constraints (via arbitrary lagrangian multipliers), we 
can say that also the final canonical constraints (volume and surface) are 
differentiable functionals on the final phase space. Therefore their Poisson 
brackets can be computed and are well defined objects. 
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Chapter 6 
Conclusions 



In this work we have showed that the singular constraints 7-C, a-C, A-C, 



which plagued the hamiltonian system described in the HK paper can 
be eliminated with a progressive reduction procedure |L8] . 
The variables describing the final phase space are clearly identified. The final 
hamiltonian and the final symplectic form are expressed by means of these 
variables alone. The final form of equations of motion and constraints is 
explicitly stated. The only constraints that remain are the canonical volume 
(C = 0, C k = 0) and surface ([Q x± ] = 8ttGT ± - l , [Q^\ = 8nGT^) constraints. 
At the shell, we are left also with two equations of motion for the variables A 
and E(N^ /AL) and the singular constraints 7-C, a-C, A-C have disappeared. 
These equations of motion are equivalent to the corresponding initial ones, of 
course via the substitutions with the new variables. The differentiability of 
the final hamiltonian on the final phase space as well as the differentiability 
of the final (canonical) constraints have been proved. 

These results are important first steps for the quantization of the system 
described in |13|| . In order to proceed towards the quantum theory of the 



model, the Poisson Algebra of the final constraints remains to be shown 

equivalent to the Dirac Algebra. 

This problem will be treated in a future work. 
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